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Abstract 

Let {X(t) : t € [0, oo)} be a centered Gaussian process with stationary increments 
and variance function cr\(t). We study the exact asymptotics of P(sup tg [ T ] X(t) > u), 
as u — > oo, where T is an independent of {X(t)} nonnegative Weibullian random vari- 
able. 

As an illustration we work out the asymptotics of supremum distribution of frac- 
tional Laplace motion. 
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1 Introduction 

The problem of analyzing the asymptotic properties of 

P( sup X(t) > u), as u — > oo, (1) 

te[o,T] 

for a centered Gaussian process with stationary increments {X(t)} and deterministic T > 
plays an important role in many fields of applied and theoretical probability. 
One of the seminal results in this subject is the exact asymptotics 

P( sup X(t) >u) = P(X(T) > «)(1 + o{l)) (2) 
te[o,T] 

as u — ► oo, which holds for a wide class of Gaussian processes with stationary increments 
and convex variance function (see Berman [3]). We refer to [TU] for extensions of this 
result. 
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Some recently studied problems in, e.g., queueing theory, risk theory (see [5].|llj) or hydro- 
dynamics (see Section[5]), motivate the analysis of ([!]) for T being an independent of {X(t)} 
nonnegative random variable. In that case the additional variability of T may influence 
the form of the asymptotics, leading to qualitatively different structures of asymptotics 
of (H]). This was observed in [5], under the scenario that T has regularly varying tail 
distribution (see also [T]). 

In this paper we focus on the exact asymptotics of ([1]) when T is an independent of 
{X(t)} random variable with asymptotically Weibullian tail distribution. In Theorem 13. II 
we find the structural form of the asymptotics that holds for a wide class of Gaussian 
processes with stationary increments and convex variance function (see assumptions Al- 
A3 in Section ED. 

Complementary, in Theorem 13.21 we obtain an explicit form of the asymptotics, which 
appears to be Weibullian. 

Additionally, for {X(t)} being a fractional Brownian motion, we provide the exact asymp- 
totics of (H|) for the whole range of Hurst parameters H G (0, 1]. It appears that in the case 
of H < 1/2 (concave variance function) the exact asymptotics takes qualitatively different 
form then ([2]). 

Finally, in Section Owe apply the obtained results to the analysis of extremal behavior of 
fractional Laplace motion, see |8] . 

2 Notation and preliminary results 

Let {X(t) : t G [0,oo)} be a centered Gaussian process with stationary increments, a.s. 
continuous sample paths, X(0) = a.s. and variance function o~ x (t) := Yav(X(t)). We 
assume that 

Al a\(-) G C 1 ([0,cxd)) is convex; 

A2 o- 2 x {-) is regularly varying at oo with parameter G (1,2); 
A3 there exists D > such that a 2 x (t) < Dt a °° for each t > 0. 

We introduce the following classes of Gaussian processes: 

• fBm: X{t) = Bn{t) is a fractional Brownian motion with Hurst parameter H G (0, 1], 
that is a centered Gaussian process with stationary increments and o~ 2 ^ H (i) = t 2H (note 
that A2 is satisfied for H G (1/2, 1)); 

• IG: X(t) = JJ Z{s)ds, where {Z(t) : t > 0} is a centered stationary Gaussian process 
with covariance function R(t) = Cav(Z(s), Z{s + 1)) which is regularly varying at oo with 
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parameter — 2. 

In this paper we analyze the asymptotics of 

P( sup X(t) > u), (3) 

te[o,T] 

as m -> oo, where T is an independent of {X(t)} nonnegative random variable with 
asymptotically Weibullian tail distribution; that is 

F(T>t) = Ct 7 exp(-/3t Q )(l + o(l)), (4) 

as u -> oo, where a, (3, C > 0, 7 G E. We write T G W(a, /?, 7, C) if T satisfies flU). 

Let us introduce some notation. For given H G (0,1], by H# we denote the Pickands's 

constant defined by the following limit 

n, y H H (T) 

where H H (T) := E exp (sup te[0 )T] V2B H (t) - t 2H ^. Moreover, let *(«) := P(AA > u), 
where denotes the standard normal random variable. &x(t) denotes the first derivative 
of ax(t) and oi^(i) = 2ax(t)&x(t) is the first derivative of (J 2 x {t). 
Finally we present a useful lemma, which is also of independent interest. 

Lemma 2.1 Let X G W(ai, 71, Ci), y G W(ct2, ^2, 72, C2) be independent nonnega- 
tive random variables. Then X ■ Y G W(a, /?, 7, C) wit/i 
a - -3^2- 



a 2 



_ aia2+2ai72+2a27i 
' 2(qi+«2) 



g2 

Q2 / 1 ai 



*2~ 2 7l+ 2 72 "l- 2 72+ 2 'Yl 



C = \/2^CiC 2 ^g=; (aiA) 2(ai+a2) (a 2 (3 2 ) 2 ^+^)' 
The proof of Lemma 12.11 is presented in Section 16. 1[ 

3 Main results 

In this section we present main results of the paper. We begin with the structural form of 
the analyzed asymptotics (Theorem l3.ip . then we present an explicit asymptotic expansion 
(Theorem I3.2f) . 
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Theorem 3.1 Let X(t) be a centered Gaussian process with stationary increments and 
variance function that satisfies Al - A3 and T £ W(a, /3, 7, C) be an independent of 
{X(t)} nonnegative random variable. Then 



as u — > oo. 

The proof of Theorem 13,11 is presented in Section 16. 21 

Remark 3.1 The asymptotics obtained in Theorem \3.1\ is qualitatively different then the 
one observed in f^, where it was considered the case of T having regularly varying tail 
distribution. 

If the variance function of {X(t)} is regular enough (in such a way that o~x{T) is asymp- 
totically Weibullian) , then the combination of Theorem 13.11 with Lemma 12.11 enables us to 
get the exact form of the asymptotics. 

Theorem 3.2 Let X(t) be a centered Gaussian process with stationary increments and 
variance function that satisfies Al and o- 2 x {t) = Dt a °° +o{t ax ~ a ) as t — > oo for £ (1, 2) 
and D > 0. IfT £ W(a, 7, C) is an independent of{X(t)} nonnegative random variable, 
then 



The proof of Theorem 13.21 is given in Section 16.31 

Below we apply the obtained asymptotics to IG processes. The family of fBm is analyzed 
separately in Section [U Due to self-similarity of fBm we were able to give (an independent 
of Theorem 13 .ip proof that covers the whole range of Hurst parameters H £ (0, 1]. 

Example 3.1 Let T £ W(a,/3,j,C) and X(t) = f*Z(s)ds, where {Z(s) : s > 0} is a 
centered stationary Gaussian process with continuous covariance function R(t) such that 
R(t) = Dt a °°~ 2 + o(t a °°~ 2 ~ a ) as t — > 00 with a M £ (1,2). Following Karamata theorem 
(see, e.g., Proposition 1.5.8 in Bingham [3] ) 



P( sup X(s) > u) 
se[o,T] 



¥(X(T) >«)(! + o(l)) = ¥(a x (T) ■ N > u)(l + o(l)) 



sup X(s) £ W(5,/?,7,C) 
se[o,T] 




) 
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as t — * oo. Hence, by Theorem 13.21 we have 

sup X(t) G W(5,/3,7,C) 
te[o,T] 



en / q:qo \ 

with 5= -2s_ ^ = /3^r f J> ( +(2^)3^) 



a+a™ ' V aoo("oo-l) / V 2(o+Ooo) I 2a/3 V Qoo(aoo-l) 



4 The case of fBm 

In this section we focus on the exact asymptotics of ([3]) for {X(t)} being an fBm. The 
self-similarity of fBm, combined with Lemma 12.11 enables us to provide the following 
theorem. 

Theorem 4.1 Let {Bh(s) : s > 0} be an fBm with Hurst parameter H G (0,1] and 
T G W(a,(3, 7, C) be an independent of {Bh(s) : s > 0} nonnegative random variable. If 

(i) # G (0,1/2), then 

sup B H {s )eW — — — — i-.Ci 

sG [o,T] V 2 # + « a + 2ff 

(ii) H = 1/2, then 

/ 2a 2^v 
sup B H (.)6WU L-,2(7 2 

se[0,T] \ 2 -"+ a a + 2if 

(iii) € (1/2,1], i/ien 

/ 2a 27 
sup B H (s) eW (——,(]!,— I— ,C 2 
se[o,T] \ 2 # + « a + 2# 

where 

A = /?* (l(f)^ + (f) 

1 o+6H+2r-2 1-2H-7 

Ci =H H {\) 2H ^S^H *>-mh («/?) ^+2^, 
/-» — Sh/Ji ( M_\ 

The following lemma plays an important role in the proof of Theorem 14.11 

Lemma 4.2 Let Bh(-) be an fBm with Hurst parameter H G (0, 1]. If 
(i) H G (0,1/2), then 

(11 1 H 1 

2, - - 3, — 
1 H H^TT 



2H + a 
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(ii) H = 1/2, then 

sap B H (t)€ W (2,1,-1 



te[o,i] V 2 V2ir 

(iii) H G (1/2,1], then 

( 1 1 

sup B H {t) eW 2, -,-1 



te[o,i] \ 2 \/2ir / 

Proof Case H £ (0,1) follows by an application of Theorem D3 in [10]. Indeed, by 
inspection we have that t max := max tg [ ,i] Var(S^-(t)) = 1, 

1 - <TB H (t + t max ) = 1 - a BH (t + 1) = 1 - (t + 1) H = H\t\{l + o(l)), 

as t — ► 0— , 

■ - cov - 1 - g±g^£ = ii« - .i» + (i t - .n 

as s, t — ► 1— and 

E(B H (t) - B H (s)) 2 = \t-s\ 2H . 

This (due to Theorem D3 in [10]) implies the asymptotics for H £ (0, 1). 
The case H = 1 follows by the fact that B\{t) = Aft. Hence 

P( sup £i(s) > u) = P( sup sAA > «) = P(AA > tt) = -^=ti _1 exp f-^ (l + o(l)) 
«e[o,i] se[o,l] v2vr \ 2 / 

as ti — » 00. This completes the proof. □ 



Proof of Theorem 14.11 

Using self-similarity of fBm we have 

P( sup B H (s) >u)= ¥(T H sup B H (s) > it). 
se[o,T] *e[o,i] 

Notice that T H G W (||,/3, 37 jC) and (due to Lemma B~2j) sup s6 r 01 i Bh{s) is asymptoti- 
cally Weibullian. 

Thus all the cases (i) , (ii) and (iii) follow by a straightforward application of Lemma 12.11 
This completes the proof. □ 

Remark 4.1 Note that if¥(T > t) = exp(— At), then for a standard Brownian motion 
case, some straightforward calculations give 

P( sup B l/2 (t) > u) = exp(-V2Au) 

te[o,T] 

for each u > 0. 
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5 Application to extremes of fractional Laplace motion 



In this section we apply Theorem 14.11 to the analysis of the asymptotics of supremum 
distribution of fractional Laplace motion over a deterministic interval. 
Following [8] we recall the definition of fractional Laplace motion. 

Let {Tt]t > 0} be a Gamma process with parameter v > 0, i.e. is a Levy process such 
that the increments T t + S — Tt have gamma distributions Q(s/u, 1), with density 

f( x "> = f(T^~ lex P(- x )' 
where T(-) denotes gamma function. 

Then, by fractional Laplace motion fLm(<j, v) we denote process {Ln(t);t > 0} defined 
as follows 

{L H (t);t>0} = {aB H (T t );t>0}. 

A standard fractional Laplace motion corresponds to a = v = 1, and is denoted by fLm. 
We refer to Kozubowski et al. [8] for motivations of interest in analysis of this class of 
stochastic processes. 

Before we present the asymptotics of P(sup sg [ 5] Lh(s) > u), let us observe that for given 
5 > we have Fs € W f 1, 1,5 — 1, y{s)) ■ Indeed applying Karamata's theorem (see, e.g., 
Proposition 1.5.10 in Bingham [3]). 

1 r°° 
— — / x s - 1 e~ x a 



1 fOC 1 f'QO 1 

s >u) = —j x s ~ l e-*dx = — - J {\ogy) s ~ l y~ 2 dy = V«(l+ (1)) 



as u —* oo. 

In the following proposition we give the exact asymptotics of supremum of fLm for H > 
1/2. Let 



1 \ 2H+1 

2 



1 \ 2H+1 / 1 \ 2H+1 

+ 



2H \2H 



Proposition 5.1 Let Lu be a standard fLm. If H > 1/2, then 

/ S+2H \ 

_ . . ... / 2 25-2 \ 

sup Lij(s) G W -7^— — ,mg, 



.eKsi V 2i7 + 1 1 + 2 ^ ' r(5) vr+2^ ; • 

Proof First we consider the lower bound. We observe that 

P( sup B H (T S ) >u)> F(B H (r s ) >u)= n(r s ) H M > u). 

se[o,s] 
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Combining the above with the fact that (T S ) H £ W (jj, 1, ^p, j^y) , A/" € W (2, 5, -1, ^L=) 
and Lemma [2. H we obtain tight asymptotical lower bound. 

Now we focus on the upper bound. Using the fact that sample paths of T process are 
nondecreasing, we get 

P( sup B H (T S ) > u) < P( sup B H (s) > u). 
se[o,s] se[o,r s ] 

In order to complete the proof it suffices to apply (hi) of Theorem 14.11 □ 

Remark 5.1 The case H < 1/2 should be handled with care. The use of argument pre- 
sented in the proof of Proposition I5.il gives 

1 S+2H 2S-2 / 2 \ 

P( SUP L H (s) > U)> =H2+4H U 1+2H exp - mHU 2H+i (1 + (i)) 

se[o,s] T(S)yJl + 2H V / 

as u — > 00, and 



1 1 2H+S+4 2S-H-4_g+l / 2 \ 

P( SUP Lff(s) > It) < ^7WT^2hH iH+2 H(2H+l) exp ( _ mjfU 2H+l (1+ (1)) 

se[o,S] r (^) v y 

as it — > 00. TTte above leads to the following logarithmic asymptotics for H G (0, |] 

log(Psu Pse[0 S] L^(s) > u) 

= -m H (l + o(l)) 

as u — > 00. 

In case iT = i, S = 1, due to Remark\4.1\ we have 



-exp(— y/2v) < P( sup L 1 / 2 (s) > u) < exp(—V2u) 
2 s<=[o,i] 

for each u > 0. We conjecture that the exact asymptotics for H < 1/2 is influenced by the 
distribution of jumps ofT(-) process. 



6 Proofs 

In this section we present detailed proofs of Lemma 12.11 Theorem 13.11 and Theorem 

6.1 Proof of Lemma 12.11 

We begin with study of the asymptotic 

/ f (x , u) exp[S (x , u)]dx 

JU(xo(u)) 
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as u — > oo for particular forms of f(x,u) and S(x,u), where Xq(u) denotes the point at 
which the function S(x,u) of x achieves its maximum over [0, oo) and 

U(x (u)) = {x:\x- x (u)\ < q{u)\S' X;X (x (u),u)\~ 1/2 } 

for some suitable chosen function q(u). 

The following theorem can be found in , e.g., Fedoryouk [6] (Theorem 2.2). 

Lemma 6.1 (Fedoryouk) Suppose that there exists function q(u) — ► oo as u — ► oo sue/t 

S'x, x (x,u) = S" :X (x (u),u)[l +o(l)} (5) 

and 

f(x,u) = f(x (u),u)[l + o(l)], (6) 

as ti — > oo uniformly for x £ U(xq(u)). 
Then 



/ 2tt 

f(x,u) eyip[S(x,u)}dx = * —^j— f — 7~\ — r/(zo(**), u) exp[S(a? (u), u)](l+o(l)) 



as u — > oo. 



Lemma [6 . 1 1 enables us to get the following exact asymptotics, which will play an important 
role in further analysis. 

Lemma 6.2 Let ai, a^, Pi, Pi > 0, 7 G R and a(it) = n 2 ( Q i+ Q 2) ; A(u) = «"i +a 2 . T/ien 

J x 7 exp (^-^7- - /5 2 x a2 J dx = Cu 5 exp [-/5 3 n a3 ] (1 + o(l)) 
as tt — > 00, where 



"2 



+ — 

Q2 / lai 



«3 = ^, /? 3 = /3r +Q2 /3 2 ai+Q; 

r _ «l(-Q2+27+2) 
~~ 2(ai+a 2 ) ' 

— a 2 +27+2 -Q]- 27-2 

C = y^ -^JL-- (a 1J g L ) 2(°i+°2) (a 2 /? 2 ) 2(°-i+°-2) , 



Proof Let xq(u) = ( " 1+a2 <u«i+<*2 and r(u) = u °»i+ Q 2 for some e G (0, min(a 2 /2, 1)). 
It is convenient to decompose the analyzed integral in the following way 

x 7 exp ( — ^— /^x" 2 ^ dx = 



a(u) \ x 



:ro(u)— r(tt) ^a:o(M)+r(n) rA(u) 

+ + =h+I 2 + h. 



a(u) Jxo(u)—r(u) Jxo(u)+r(u) 
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We begin the proof with showing that 

cxo(u)+r(u) f lliii a i 

' X()(u)—r(u) 



rx (u)+r(u) / a a x \ 

h = / z 7 exp - ft/ 2 dx = Cu s exp [-ftu° 3 ] (1 + o(l)), (7) 

J X()(u)—r(u) \ X 1 J 



as u ^ oc, for a 3 = ^g-, ft = Z^" 2 AT^ 2 



5 = "4SSr and C = ^ 7 ^(aift)^^(a 2 ft)^^T 
For this we check that assumptions of Lemma [6.11 hold for S(x,u) := — — ftx' 

/(x, -u) := x 7 and 

/ a 2~ 2 "1+2 \ 2 a l a 2 £a l 

:= I (ai + a2)(«ift) "1+^2 («2 ft) I u 2< - a i+ a '^ Q i+ Q 2 . 



Ql \ a l+ a 2 , 02 Q l+ a 2 
2+27+2 — a-L-27 — 2 



Indeed, by inspection, we have that q(u) —* 00. Besides, S(x,u) achieves its maximum 
xq(u) = (j^j^J ai+c " 2 ti a i+ a 2 and U(xq(u)) = [xq(u) — r(u),xo(u) + r(u)] with r{u) = 



In order to check ([5]), we note that 

S'^ x (x,u) = -ai(ai + l)ftu Ql x~ ai - 2 - a 2 (a 2 - l)ftx a2 ~ 2 

and 

II a 2~ 2 "1+2 Ql(a2~ 2 ) 

S x x (xq(u),u) = -(ai + a 2 )(aift) ai+a2 (02ft) " 1+Q2 « " 1+a2 • 

Hence, following mean value theorem, for \x\ < r(w), 

+ - 5^ a; (xo('u),n)| = 
= ^"3,3 (^ofa) + 0, u) <x (Constiu ai x (u)~ ai ~ 3 + Const 2 x (n) a2 " 3 ) 

for some Consti, Const2 > and \9\ < r(u), which in view of the fact that r(u) = o(xo(u)) 
as u — > 00, implies (|5|). 

Finally, © holds due to the fact that r{u) = o{xq{u)) as u — > 00. Thus, following Lemma 
EH we get ©. 

In order to complete the proof it suffices to show that /1, J3 = 0(12) as u — > 00. Since 
proofs for 1% and I3 are similar, we focus on the argument that shows I\ = 0(^2) asti^ 00. 
Without loss of generality we assume that 7 > 0. Then 

h < (x (u)-a(u)y(xo(u)-r(u)-a(u))exp[ — — - ft(x (V) - r(u)) a2 , 
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which combined with the fact that (using Taylor's expansion) 



(x (u) -r(u))»i 



- fo(x (u) - r(u)Y 



-P lU ai ([x (u))- a i + ai r(u)(xo(«))" ai_1 + \cti{ai + l){r(u)) 2 (x {u) - e r (u))- a ^'- 
-fo (W^))" 2 - a 2 r{u){x {u)) a *- 1 + l -a 2 (a 2 - l)(r(u)) 2 (x (u) + 6r{u))^- 2 

= -P 3 u a3 - -(ai + a 2 ){a 1 f3 1 )^^ {a2l3 2 )^^u ai{a2 - 2£)/ ^ l+a2 \l + o(l)), 

as « -> oo, for some # G [0,1], straightforwardly implies 2i = 0(13) as u — > 00 (since 
e < a 2 /2). This completes the proof. □ 

Proof of Lemma 2.1 

Let X 6 W(ai,/3i,7i,Ci) and Y E W(a 2 , /3 2 ,j 2 ,C 2 ) be independent nonnegative random 
variables. Define a(u) = w 2(a i +a 2) , A(u) = -u a i+ a 2 and make the following decomposition 

F(XY >u) = f(x>^ dF Y {y) 

- f 1 p ( x > fi d ™ + C F ( x > fi dFriy) + £ p ( x > ?) iFY(v) 

= h+i 2 +i z . 

We analyze each of the integrals Ii,I 2 , 13 separately. In order to short the notation we 
introduce 

h^u) = dv? 1 exp(-/3itt ai ) , 

h 2 {u) = C 2 u^exp(-(3 2 u a2 ). 
Integral I\ 

Since X G W(ai, 71, Ci), then for given e > and u large enough, we can bound I\ 
from above by 

r a{u) / \ r a(u) 



raw f u \ raw / u \ 

< (l + e)Jn 



a(u) 

/ 2 

"l+ 2 «2 / a l a 2 1 a l 



= (1 +e)Cin 2 ( Q i+«2) n exp ^-/? 1 u Q i+«2 _r 2( ai+a2 ) J _ 
Integral ^3 

For u sufficiently large, we have 

P^X>-JdFy(y) < P(y > A(u)) = C 2 u a i+ a 2 exp ^-/3 2 « a i +a 2 J (1 + o(l)) 
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as u —* oo. 
Integral I 2 

We find upper and lower bound of I 2 separately. Using that X, Y are asymptotically 

Weibullian, we get for sufficiently large u 

*A(u) / \ r A(u) / \ 

X>-) dFy(y)>(l-e) / h 1 (-)dF Y (y) 

Jaiu) \yj 



a(u) 



y 



rA(u) o 

> (1-*) / 



-(l-e)^i 
-(l-e 2 )/ii 



/11 I - 

V 



F(Y > y)dy + (1 - e)/»i 



aiu) 



F(Y > (a(tt))) 



A(u) Q 

a(u) dy 
u 



5 (Y > A{u)) 



y 



h 2 {y)dy + {l-efh 1 



a[u 



h 2 (a{u)) 



A{u) 



h 2 (A(u)) 



= (l-e) 2 h + (l-e) 2 R 1 -(l-e 2 )R 2 . 
Analogously, for sufficiently large u, we have the upper bound 

h < {l + e) 2 h + {l+e) 2 R l -{l-e 2 )R 2 . 
Additionally, 



and 



Ri = hi 



R 2 = hi 



a[u 



u 



A(u) 



u \ . . .. 1 u 

h 2 {a(u)) < hi 



a(u) 



n 1 7 1 +2a27i 



C\u 2 ( Q i+ Q 2) exp — /3iu a i+ a 2 2 ( a i+ Q i) 



h 2 (A(u)) < h 2 (A(u)) = C 2 u a i +a ? exp I -/3 2 m" 1+Q2 



Finally, we find the asymptotics of integral 

rA(u) 



/1 



C\C 2 a\a 2 %£ 



y 



-ai— 71+72 — 1 



a(u) 



exp 



-C1C271M 



71 



-71+72— l 



' a(u) 

C3-u 73 exp(-/3 3 n Q3 ; 



exp 



V 



ax 



■lCt\ 



fay 



a 2 



dy 



dy 



1 + 



7i 



«i + Pi \0c2P2 
= C 3 u» exp (-/W* 3 ) (l + o(l)) 

as u — > 00, where ([8]) follows from Lemma 16.21 with 



+ (8) 



"3 - ai+a2 1 P3 - Pi P 2 



Ol \ a l+ a 2 _|_ [ "i ^ <*l+<*2 
«2 / V Q 2 



-73 



ctia2+2Q!i72+2a27i 
2(q?i+Q2) 



a 2~ 2 71+272 



a l~ 2 72 + 2 71 



C 3 = v/27rCiC 2 vai 1 +a2 (ai/3i) 2 ("i+"2) ( a2 /? 2 ) 2 (^+q 2 ) . 



12 



Since I\ , I2 , R\ , R2 = o{{C^u 13 exp(— (3^u a ' A )) as u — ► 00, then 

P(X • Y > u) = h(l + o(l)) = C 3 ^ 73 exp (-/3 3 w a3 ) (1 + o(l)) 
as ti — > 00. This completes the proof. 



□ 



6.2 Proof of Theorem 1531 



Let t\ 



The proof of Theorem 13.11 based on the following three lemmas. 

Lemma 6.3 Let X(t) be a centered Gaussian process with stationary increments such 
that conditions Al - A3 are satisfied. Then, for sufficiently large u, 



4W, 



u 



P( sup X{s)>u)<^, 
se[o,t-<5] 

uniformly for t := i(u) G [u Tl , u T 



exp(-log 2 (u)/2) 



Proof Let t := t(u) G [u Tl ,u T2 ]. Observe that cr^-(i)2ii 2 log 2 (u) — > uniformly for 

£ (due to (1.11.1) in 0|). 



t G [u T1 ,u T2 } as u -» 00 and lmwoo j^^= ^t-*oo ^Jt) 
Hence 

<5(u) = o(i) as u — > 00. 

Now, for sufficiently large u, we make the following decomposition 

P( sup X(s) > u) 
se[o,t-5] 



(9) 



< 
< 



sup X(s) > u) + 
se[o,i] 

sup X(s) > u) + 
se[o,i] 

/ 



sup — > — 

K se[l,t-S\ a x{s) a x {t-d) 



<4<i) ' 1 



+ 



fc=0 



P 



sup 



1 + 



0-2.(1) ^ aoc 



fc,l+ 



(fc+i) 



*(«) ^ 

o-x(s) ' crx(t - 5) 



> 



J 

(10) 



According to Borell inequality (see, e.g., Theorem 2.1 in Adler [2]), the first term is 
bounded by 

p , WWW f (^- E ^ e [0,l]^)) 2 ^ 
P( sup X{s) > u) < exp - — - 

*e[o,i] V 2 / 
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as u —* co. 

In order to find a uniform bound for sum (1101) . we introduce a centered stationary Gaussian 
process {Z(s) : s > 0} with covariance function Cov(Z(s), Z(s+t)) = e~ ta °° . The existence 
of such a process is guaranteed by the fact that < 2, which implies that the covariance 
of Z(-) is positively defined; see, e.g., proof of Theorem D.3. in [9]. 

Due to A1,A3, for each v,w > 1 such that \v 



w\ < ( 



i 



Cov 



X(w) 



<4W + 4W- < 4(I»-H) 



2(Tx(w)<7x(w) 



> 



> 



2crx(u)crx(w) 



> 1 



24(1) 



24(1) 



> exp 




Cov Z 



Thus, following Slepian inequality (see, e.g., Theorem C.l in Piterbarg [10J) each of the 
summands in (|10p can be bounded from the above by 



\ 



sup 



Z(s)> 



r|.(l) "\ "co 



<Jx(t-5) 



J 
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This leads to the following upper bound for ([10 

/ 



[t-8] 



£ 

fc=0 



\ 



sup 



> 



1 + 



k,l+ 



(fc+1) 



< 



D 



<4(1) 



1 

«oo 



X(£) 

' cr x (t- 5) 



sup 

<4w y 



Z(s)> 



<T X (t-5) 



J 



-HaJt-6] 



U 



<rx(t-S) 



2 



ax(t-<5) 

(1+0(1)) 



(1 + «(!)) 



(11) 
(12) 



k <7x(t-<5). 

as u — > oo, where ([lip follows from Theorem D.2 in Piterbarg |10j and (|12p follows from 
©. Hence, in order to complete the proof, it suffices to note that 



^ 2 (7 X (i-<5) 
< — . exp 



2tt u 

1 (T X {t-S) 



u- 



< 4* 

< 4* 



2ir u 
u 



exp 



2a x (t-S) 
u 2 



U 

<Tx(t) 



exp 



2a| (t) 
u 2 



exp 



+ 



+ 



it 



24(t-<5) 2(4 (t) 



2<4(t-5) 2(4 (t) 
exp(-log 2 («)), 



where the last inequality follows by the following bound (0 £ [0, 1]) 



ex P K+ » -9 TIn = ex P 



u 2 u 2 \ / u 2 (4(t) -cj|(t-5)) 



« 2 (4(t)-4(*-*)) 



!&4(t-5) 24 (tj; "V J&4(t)<4(t-5) 

< exp^ "^W- * 



exp 



24 (i) 
n 2 (52CT X (i-05)CT X (t-^) 



24 (i) 

2ct 4 

exp(-log 2 (n)) (14) 



* 6XP( 24^ J (13) 
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where (fl"3)) is consequence of Q and of the fact that, by condition Al, a\ = 2ax{t)d~x{t) 
is monotone and (in view of (1.11.1) in [3]) regularly varying at oo. 
Thus, combining (jlOp with (|12p and (|14p . for sufficiently large u, 



2 

P( sup X( S )>u)<4W Qoo t.(^-) Q °° M/(^-)exp(-log 2 (n))(l + (l)) 



£ *^Jex P (-log 2 W/2), 

uniformly for t £ [u Tl , u T2 ] . This completes the proof. □ 

Lemma 6.4 Let X(t) be a centered Gaussian process with stationary increments such 
that conditions Al - A3 are satisfied. Then, for sufficiently large u, 

P( sup X(s) > u) < (1 + e)¥ ■ 

se[t-s,t] \ a x{t) 

uniformly for t := t{u) £ [u T1 ,u T2 ] . 
Proof Let e > O.Then 

P( sup X(s) > u) = P [ sup > 



se[t-(J,t] \se[t-<5,t] °"x(s) crx(s) y 

/ X(a) u \ 

< P sup V4 > TT • 

\ ae [t-5,t] °"x(s) cry(i) y 

Following argumentation analogous to given in the proof of Lemma 16.31 we get that for 
each v, w € [t — 5, t] 



vx{vY <tx{w) ) 2a x (v)a x (w) 



> 1 

> 1 



a x {\v-w 



I) >1 <4(|t>-H) 



2o-x(w)cr x (ty) ' ' CT^-(t) 
DId — w\ 



*x(t) 
2D 



> exp \v — w\ a 



4w/ y v^iw 

where {Z(s) : s > 0} is a centred, stationary Gaussian process with covariance function 
Cov(Z(s),Z(s + t)) = e- ta °°. 
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Then, from Slepian inequality 
m f X(s) 



u 



sup 



> 



e[t-6,t] o"x(s) <rx(t) 



< 



sup Z 

se[t-8,t] 



2D \ «oo \ u 

s > 



sup Z . . 

v se[o,5] 

/ 



4(*) 

2D 



s > 



ox{t) 



sup 

1 2 4_ 

0, (2D) Q oc u a <x> S(a x (t)) "oo 



Z(s)> 



J 



Observe that for each e\ > there exist u large enough such that (2D) ^ 5(ax(t)) < 
e± uniformly for t £ [u T1 ,u T2 ], which combined with Theorem D.l in |10j . implies the fol- 
lowing chain of bounds 

/ \ 



sup 

1 2 4_ 

, (2D) Q oo u a ao 8(a x (t)) a °o 



Z(s)> 



< 



2 



a 



(Tx(t) 



sup 

0,ei' —^-\~ a ^ 



< (l + eOWaooCei)* 



/ 



< (1 + e)* 



ox{t) J \<rx{t). 

where the last inequality is due to the fact that Ti. aoo (t) — > 1 as t — > 0. 
This completes the proof. 



□ 



Proof of Theorem 13.11 We find lower and upper bound separately. 
Lower bound. 

It is obvious that 



sup X(s) >u)> F(X(T) > u). 
se[o,T] 
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Upper bound. 

We have 



P( sup X(s) > u) < / P( sup > u)dF T (t) 

se[o,T] Jo se[o,t] 

ru T 2 

/ P( sup X(s) > u)dF T (t) 
Ju T i se\o,t-S] 



lu T l s€[0,t-8\ 



+ / P( sup X(s) > u)dF T (t) 
Ju T i se[t-s,t] 

POO 

+ / P( sup X(s) > u)dF T (t) 
Ju T 2 se[o,t] 



=[o,t] 

= / 1 + j 2 + j 3 + / 4 . 

Now we investigate asymptotic behavior of each of the integrals. 
Integral Ix 

/ P( sup X(s) > u)dF T {t) < / P( sup X(s) > u)dF T (t) 
Jo se[o,t] Jo se[o,u T i] 

< P( sup X(s) > u) 

se[o,u T i] 

= P( sup X(s) > u) +P( sup X(s) > «). 
se[o,i] se[i,u T i] 

Following argumentation analogous to given in the proof of Lemma 16.31 we obtain asymp- 
totically upper bound for the sum above 

2 

Co,,st " n U^y) * (^>) - exp (- u ^ +E ) (1 + o(i)> (l5> 

as u — > oo; for some £ > 0. 
Integral I2 

According to Lemma 16.31 f° r an £ S [u Tl , u T2 ] and for u large enough 

P( sup X(s) > u) < — ^-r ) exp(-log 2 (n)/2). 
sG[0,t-<5] \ a x{t)J 

Hence 

/ P( sup > u)dF T (t) < exp(-log 2 (u)/2) / $ — - ) dF T (t) 

Ju T i «e[o,t-«5] J« T i \ a x{t)/ 

< exp(- log 2 (n)/2) * (^y) ^t(*) 

= exp(- log 2 (u)/2)P(X(T) >u) = o(F(X(T) > u)). 

(16) 
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Integral I3 

Due to Lemma 16.41 for each e > and u large enough 

/ P( sup X(s) > u)dF T (t) < (1 + e) / V" ( 777 ) dF T (t) 

Ju T i se[t-s,t] Ju T i \<rx\t)J 

£ (i+e) f K^)^ (t> 

= (l + e)P(X(T) >«). (17) 

Integral I4 



/>oo 

/ P( sup X(a) > u)dF T {t) < P(T > -u 7 " 2 ) 



Cu 77 " 2 exp(-/3u aT2 )(l + o(l)) 



< exp ( -u^^ +e ) (1 + o(l)) (18) 



as u — > 00 , for some £ > 0. 

Observe that for each e > and sufficiently large u 

o:qo ex. / lot I \ 

P(X(r) > u) =P(cr x (T)AA > it) > P(cr x (T) > u°>+°<°°)F(Af > u«+<*°°) > exp l-u<*+<*°° + ) 
Thus I\,l2,l4 = 0(^3) as n — > 00, which in view of (|17p implies that 

P f sup X(t) > « j < (1 + e)P(X(T) > u) 
\te[o,T] J 

for each e > and sufficiently large 

This completes the proof. □ 



6.3 Proof of Theorem KT21 

By a straightforward inspection we observe that <r^-(i) satisfies A1-A3. Thus, in view of 
Theorem 13.1} 

P( sup X(s) >u) = F(a x (T) ■ N > u)(l + o(l)) 
se[o,T] 

as u — > 00. Since G W(2, 1/2, —1, l/y/2iv) then, due to Lemma [2TTT in order to complete 
the proof it suffices to show that a x (T) G W (j^, f3D a / a °° , CD' 1 /^ , which in view 
of 

P(c7 X (T)>n) = P(T> (ax)" 1 ^)) 

= C((ax)- 1 W) 7 exp (-/3((ax)- X W) a ) (1 + o(l)) 
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and the fact that (cx^O) = D- 1 l a °°u 2/ax (1 + o(l)), reduces to 



exp(-/3(( C rx)- 1 N)^ 



exp 



/3 



]ja/a a 



,2a/o 



(1 + 0(1)) 



as ti — > oo. Let /(i) := ((ox) (*))"• In order to show (dSJ it suffices to prove that 

|/(u) - fiaxiD-^u 2 / 01 -)^ - 0, 
as it — ► oo. Due to the mean value theorem 



(19) 



(20) 



|/(«) - /(^(D- 1 /-^))! = \u - * X (D-V°- u 2 ^ ) | a f ) " ^ + ggl (21) 



for = o(u). Following Bingham ei. a/. [3], p. 59, we have that 5 



:(*) _ 2*4 (*) 



iffx (*) tajjf) «c 



as 



i — ► oo, which applied to (|2~T1) with t := (crx) 1 (u + 9) leads to the following asymptotics 
for (HID 



2a 



\u — (7x(D 



(((7 X )- 1 (« + g)) a 

a x ({a x )-\u + B)) 



(l + o(l)) 



Const|u - a x (^" i/Qoo ^ /aoo )|M : ' a/a ° c ^" 1 (l + o(l)) -► 



as u -> oo, since |it — ax(D 1 / Q °°u 2 / ac °)\ < 
completes the proof. 



l/ooo,,2/a 00 ^| 1 ,2«/a o u -l 

u 2 -a 2 x (D- 1 / a 'x'u 2 / a °°) 



O ^l-2a/aoo)_ This 
□ 
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